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pf of Cor 7.¢0

Proof. Since Re(z) > —Cy (14 r?) on B(O,r), a direct application of the
volume comparison theorem implies that
Thm 1.132

9 Can control the volume, then 7.25
Vol (B (0,r)) < Cyexp (ar ) is satisfied for some large alpha

for some a = a (n,C71) > 0 and Cj. It is then easy to see that the assumption
of Theorem 7.39 holds for some a chosen suitably large. ]

Theorem 1.132 (Bishop volume comparison). If (M",g) is a complete
Riemannian manifold with Re > (n — 1) K, where K € R, then for any
p € M™, the volume ratio
Vol(B(p, 7))
Volk (B(pk,T))
is a nonincreasing function of r, where px is a point in the n-dimensional

simply connected space form of constant curvature K and Volg denotes the
volume in the space form. In particular

(1.152) Vol(B(p, ) < Vol (B(px,T))

for all r > 0. Given p and r > 0, equality holds in (1.152) if and only if
B(p,r) is isometric to B(pk,T).



&(/M?M.MQAJ : /]Z U, U both solie
: {/DM:—O on MX(O/T)_

U(X,0) = U, (X)

Joke w= u -t., hea w satisfies
(1) {/OW=° sn M x[0T)

w(x, o) = O
wix.th <o _on Mx(27T)
= focf Wwi(x.to < 0O

M (2. 7)
Do e same 7o —cv, m}z/f
i —w (x. ) = o
MX(o.T)

Thd>s meanr tw=o on Mx[o.T)



pf. of Ll 73]

t(x.0) n
o %= = :[z:—t) 4aﬂﬂf OZ’/‘&JWI[Z, on M X[O,Z—z)

C=> o,,x Imall (é/éb‘)

vt . o) =1 = lV%\LﬂL%:o (KHK)

o cut-off P;, |VPIs2 / | '\ 5

SHJS 7 S L4

o (onoialer ﬁ-—éu<’0

= //(—-6“ %el”so

o3 [ ) e*(-12vA u - L g i 9A1) ope at
——// %e/wf 2£04uo(/{’

[/,,4 ﬁ:lz%u: Dé‘*)(t) S SL/)Z/M et we [VE e ot
a ﬁ««cﬁbus% z



2 2
G a(xo0) _ _ o (x0)

#(zT—C] §c
—d¥x.9)/¢c 2
froiTs o e* s ¢ AT

7 T —xd*(x.0) |,
(/M» B ufz) (T) s /é/ / e us' olu olt

2 B0 s+1)N\ B(O.V)

LD oo

LHIS = o 09 S —> o (J‘c7a/0 Y, = B(oO.g) — M)
S C s o oy e ]ioE)

= g <o 74~ é—e[o, m/nff'T)]_

/f T bako T (o be Ao mitrel fhea
-+ /)4,6{&(1‘/6‘/'\7:4..
=D WL TO Oan (0,7')'

Remark 7.41. In [375], Li and Yau proved the uniqueness of solutions
which are bounded from below under a certain lower bound assumption on
the Ricci curvature. The key idea is that one can obtain growth control of

positive solutions to the heat equation by their gradient estimates (also called
Li-Yau inequalities).
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